We describe methods for the fast production of highly coherent-spin-squeezed many-body states in bosonic Josephson junctions (BJJs). We start from the known mapping of the two-site BoseHubbard (BH) Hamiltonian to that of a single effective particle evolving according to a Schrödinger-like equation in Fock space. Since, for repulsive interactions, the effective potential in Fock space is nearly parabolic, we extend recently derived protocols for shortcuts to adiabatic evolution in harmonic potentials to the many-body BH Hamiltonian. A comparison with current experiments shows that our methods allow for an important reduction in the preparation times of highly squeezed spin states.
I. INTRODUCTION
Recent experimental results from the groups of M. Oberthaler and P. Treutlein have provided compelling evidence of the generation of spin-squeezed states in bosonic Josephson junctions [1] [2] [3] [4] . Two different setups with ultracold 87 Rb bosons have been explored: a) a cloud trapped in an external double-well potential [1, 5, 6] (external BJJ) and b) a cloud of atoms in two different hyperfine states trapped in a single harmonic potential with a linear coupling between the two internal states [2] [3] [4] (internal BJJ). In both the internal and external Josephson junctions, the experimental setups were able to reproduce to a large extent the well-known two-site BoseHubbard (BH) model [6] [7] [8] , a Lipkin-Meshkov-Glick-like (LMG) Hamiltonian [9] . In this way, the experiments confirmed the predicted existence of strongly squeezed spin states [10] and, correspondingly, of large sets of entangled pseudo-spins [11, 12] .
Simultaneously, and due to the need to control and implement quantum resources, there has been an increasing interest in developing fast protocols to shortcut adiabatic following [13, 14] . The key purpose is to engineer procedures to drive, in a finite time, a system from some initial state to a final state that could be reached with an adiabatic, slow process. The different protocols may in addition aim at minimizing the transient energy excitations, reducing the sensitivity to noise, or minimizing other variables of interest [15] . It should be noted that, in general, the initial and final states are not necessarily required to be the ground states (GSs) of the system. In this work, however, we concentrate on transitions between ground states corresponding to different values of the model parameters which can be controlled externally. The proposed method is designed so that the desired final state is produced as a stationary eigenstate of the Hamiltonian, with no need to freeze the dynamics. Analytical formulas to perform this type of processes exist for the harmonic oscillator [13] .
In this article we demonstrate that these methods can also be employed to produce the highly-correlated manybody quantum states described by the BH Hamiltonian, such as squeezed states, broadening the current stateof-the-art which has so far dealt only with condensed cold gases [16] . To do so, we benefit from the explicit mapping, in the large N limit, between the two-site BoseHubbard model and an effective single particle system described by a Schrödinger-like equation [17] [18] [19] 1 . As will be shown, this connection allows us to use methods which were originally developed for single-particle dynamics, to shortcut the adiabatic following in a many-body problem. As a figure of merit, the methods proposed would allow to prepare highly number-squeezed states in roughly half the time needed in the experimental setup of Ref. [3] .
Our proposal presents important differences with respect to the recent work of Ref. [22] . We target the formation of spin-squeezed states while [22] uses optimal control theory (OCT) to produce cat-like states. In our method, the final state of the system is the ground state, with no need to stop or freeze the dynamics, while in [22] a stoppage is required once the desired state is reached. Also, as detailed below, our method to shortcut the adiabatic evolution is very robust, only requiring high precision control during the initial and final times.
The article is organized as follows. In Sec. II we present the Bose-Hubbard model, and introduce the semiclassical 1/N approximate model. In Sec. III we present the methods to shortcut the adiabatic evolution and adapt them to our specific problem. In Sec. IV we discuss the obtained results. Finally, Sec. V presents our conclusions.
II. DESCRIPTION OF THE MODEL
We assume that in the BJJ, the system of ultra-cold bosons is well modeled by the Bose-Hubbard Hamiltonian
where the pseudo-angular momentum operatorĴ ≡ {Ĵ x ,Ĵ y ,Ĵ z } is defined as,
whereâ † j creates a boson in site j, and [â i ,â † j ] = δ i,j . J is the hopping strength, taken positive, and U is the non-linear coupling strength proportional to the atomatom s-wave scattering length 2 . In this work we consider repulsive interactions, U > 0. For internal BJJ, the interspecies s-wave scattering length in 87 Rb atoms can be varied by applying an external magnetic field thanks to a well characterized Feshbach resonance at B = 9.1 G, as done in Ref. [4] for the setup that we are considering, thus permitting precise control over the U . In this work, we use a time dependent U (t), keeping J and N fixed during the time evolution. This has been experimentally achieved already in an atom-chip experiment [3] . In the experiments of the Heidelberg group one would need to track the resonance of the linear coupling (responsible for the hopping term in the Hamiltonian) which is altered due to the second order Zeeman shift when B is varied. Albeit technically challenging, this is within reach of the current experimental setups [23] .
The time dependent Schrödinger equation (TDSE) is written as
For a given N , an appropriate many-body basis for this bosonic system is the Fock basis,
A general many-body state, |Ψ , can then be written as
As customary, the number squeezing parameter is defined as [1, 24] said to be number-squeezed if ξ N < 1 [10] . The coherent spin-squeezing parameter which accounts for reductions in the fluctuations inĴ z , taking Ĵ y = 0, is defined as [10, 11, 24] 
where the phase coherence of the many-body state is α(t) = Ψ(t)|2Ĵ x /N |Ψ(t) . ξ S takes into account the delicate compromise between improvements in numbersqueezing and loss of coherence. States with ξ S < 1 have been proposed to be used in a new Ramsey type atom interferometer with an increased phase precision compared to the coherent spin state [24] . This gain in precision can be directly related to entanglement in the system [25] .
As detailed in Refs. [17] [18] [19] a systematic expansion of
where
The corresponding TDSE writes as
with time measured in units of 1/J. In these units the Rabi time is defined as t Rabi = π/J. Let us emphasize that we construct a systematic expansion on the small parameter, h, but we do not take the formal limit h → 0. The validity of the expansion will improve as the considered number of atoms is increased, but it is already accurate for N > ∼ 50. As explained in [19] , and previously noted by other authors [17, 26] , for repulsive interactions the potential in Fock space, V(z), is to a very good approximation a harmonic oscillator: Neglecting the z dependence of the effective mass term and expanding
with ω = 2 √ 1 + Λ. We have checked that all the expectation values of J i andĴ 2 i , i = x, y, z computed by directly solving the TDSE for the BH Hamiltonian Eq. (3), with Λ ≡ Λ(t) as required by the control protocols explained below, and the corresponding approximate ones using the solution Eq. (7) together with the explicit expressions given in Ref. [19] agree almost perfectly in all calculations reported in this article. The only minor discrepancy between the results obtained using the continuous version, Eq. (7), and the full TDSE for the Bose-Hubbard Hamiltonian, Eq. (3), is explicitly shown in Fig. 3 .
It is worth stressing that Eq. (7) allows to study quantum properties, i.e. squeezing, which are beyond the usual fully-classical description [27] . Setting h = 0 in Eq. (7), which removes the kinetic term in Fock-space, one obtains Eq. (5) of Ref. [27] around φ = 0.
III. FAST SHORTCUT TO ADIABATIC EVOLUTION
Our method for fast adiabatic-like preparation of a given ground state requires control of the atom-atom interaction at time scales of fractions of the Rabi time. In what follows we make use of Eq. (10) to find an optimal solution for the control parameter Λ(t) with our shortcut (SC) method (explained below), and we later use Eq. (3) with Λ(t) given by the solution found, to compute the squeezing, visibility and the other parameters presented in Figs. 1, 2, 3 , and 4. In the parabolic approximation discussed above the protocol developed in Ref. [13] has a direct translation into our variables. We need to impose the following time variation of Λ 3 , Λ(t) = ω 2 (t)/4 − 1, where ω 2 (t) obeys the Ermakov equation,
3 Note that the derivations in the previous section imply a fixed J and N , thus the variation in Λ has to be due to a variation in U .
with time in units of 1/J as explained above. The key ingredient is to ensure that b(t) satisfies the six frictionless conditions:
The fact that these can be fulfilled by an infinite set of b(t), has two important consequences: 1) This freedom allows to apply tools of Optimal Control Theory (OCT) to produce b(t)'s which ensure fidelity 1 and satisfy other constraints. For instance: a) optimize the value of t F (in contrast, e.g. with the simple "bang-bang" methods described in the Appendix), b) ensure that Λ(t) is bound by previously chosen experimental values, or c) guarantee that the potential energy of the system at intermediate steps is bound by some desired value [15, 28] .
2) The method is extremely robust: in an experimental realization aiming at a final fidelity equal to 1, the success is guaranteed provided the frictionless conditions are satisfied, with no need to have a precise control during the intermediate evolution [16] . This is an important advantage with respect to other protocols, e.g. the ones considered in Ref. [22] . To give an analytic and smooth example we consider here the polynomial ansatz for b(t) from Ref. [13] ,
with s = t/t F . A brief comparison to another ansatz is presented below.
IV. RESULTS
Our calculations confirm that our method, although not exact, is extremely accurate in the many-body simulations despite the fact that it was derived for the single particle problem in a harmonic oscillator Hamiltonian. This is due to the validity of the explained mapping of the BH to the single particle pseudo-Schrödinger equation, which turns out to be well approximated by a harmonic oscillator potential. This harmonic approximation improves as N is increased because the spread of the GS wave function is ∼ 1/ √ N , thus exploring only the very central part of V(z) in z ∈ [−1, 1]. Exceptions appear in the ultra-fast preparation as discussed later.
Let's start by comparing the fast protocol to shortcut the adiabatic following presented above to the case of a linear ramping Λ l (t) = Λ(0) + (t/t F )(Λ(t F ) − Λ(0)). In this case we consider a relatively long final time of one full Rabi period t Rabi = π/J, see Fig. 1 . For both Λ(t) we present the results of the corresponding instantaneous ground state of the many-body system for comparison. First, we note that the SC does produce a final result which has the same coherence α and coherent number squeezing ξ case. In contrast, the linearly ramped system deviates notably from the adiabatically evolved state at the final time. As we are considering fairly long times, the SC is not found to deviate appreciably from the instantaneous adiabatic following of the state, except for a short period at early times. The transient non-adiabaticity will be shown to increase as we require shorter t F 's.
The fidelity between the evolved many-body state |Ψ(t) and the corresponding instantaneous ground-state, | Ψ(t)|Ψ GS |, is plotted in Fig 2 and is seen to be extremely close to 1 at the final time for both t F =0.2 t Rabi and 1 t Rabi . In the figure we compare the full many-body evolution to the corresponding instantaneous ground state for different t F . As mentioned above, for short times, the fast-adiabatic passage produces intermediate many-body states which depart from the instantaneous ones, as seen clearly in the drop of the fidelity for very short times in the t F = 0.2 t Rabi case.
The freedom in choosing b(t) is large, providing a very robust protocol when the frictionless conditions are satisfied. For example, the use of a non-polynomial choice 4 for b(t) still produces a fidelity equal to 1 at t = t F , see dot-dashed lines in Fig. 2(a,b) . This freedom can be ex- 4 We consider for illustration, b(t) = r 6s (7), (dashed, almost overlapped with the solid in the upper and middle panels). The final time tF is 0.05 t Rabi . The initial and final Λ are 0 and 500. The dotted and dot-dashed lines are obtained assuming the actual Λ(t) is 10% smaller or larger than the nominal one, respectively. N = 100. The inset zooms on the times close to tF . ploited e.g. to fulfill actual experimental constraints on the control parameters.
A. Ultra-short adiabatic production of squeezed states
As described in Ref. [13] for a particle in a harmonic oscillator and ultrafast adiabatic evolution, the method presented requires a certain period of the evolution where the trapping potential is actually reversed into an expelling potential (an inverted parabola). Through the previously explained mapping, this corresponds in our many-body BH problem to a period of time where the atom-atom interaction is switched from repulsive to attractive, Λ < 0. For attractive interactions the potential V(z) becomes a double-well potential in Fock space and the parabolic approximation of Eq. (10) does only hold for central regions in z [19] . Thus, one can expect that the present method should still work only when the wavefunction ψ(z, t) does not spread in z significantly during the time where the atom-atom interactions are attractive. As seen in Fig. 3 this is indeed the case. We consider t F = 0.05 t Rabi , Λ(0) = 0 and Λ(t F ) = 500. Then the required Λ(t) (upper panel) becomes negative for 0.025 < ∼ t/t Rabi < ∼ 0.04. The method is seen to work accurately, producing a fidelity ∼ 1 at the final time. The intermediate evolution is however highly diabatic, with close to zero fidelity between the evolved state and its corresponding adiabatic one, during the Λ(t) < 0 evolution. The effect of a systematic error in the implementation is analyzed in Fig. 3 finding that a 10% deviation in the value of Λ(t) results in a decrease of the fidelity to ∼ 0.87, preserving ξ 2 S ∼ −12dB at t F .
B. Comparison to existing experimental setups
To illustrate the improvement in preparation times which can be obtained with the protocols discussed above, we consider some characteristic parameter values which have already been implemented experimentally.
In the experiment of Gross et al. [2] , the ultracold atomic cloud is formed by ∼ 400 atoms of 87 Rb. The nonlinear parameter achieved is U = 2π × 0.063 Hz, while the linear coupling, 2J, can be varied from 0 Hz to 2π × 600 Hz. With these conditions, a number squeezing of ξ 2 N ∼ −8.2 dB was achieved after ∼ 20 ms. Let us consider a Rabi coupling 2J = 2π Hz (t Rabi = 1 s), and the same final value of the non-linear term, U F = 2π × 0.063 Hz. Assuming an initially non-interacting system U i = 0 Hz, and a control over U (t) from the initial to the final value as required by our protocol, we find that the final value of the adiabatic number squeezing is, ξ 2 N ∼ −8.55 dB. To obtain such a highly numbersqueezed state in half the time taken in the experiment of Gross et al., we need t F = 10 ms, which corresponds to t F = 0.005 t Rabi . This is achiveable with our protocol requiring an ultrafast protocol such as the one presented in Fig. 3 .
In the experiment of Riedel et al. [3] ., the authors trap 1250 atoms with an effective value of the nonlinear coupling U e = 0.49 Hz. They obtain a best value of ξ 2 S ∼ −2.5 dB after a time of ∼ 15 ms. Using their values, assuming a good control on U from U = 0 Hz to U = U e and taking a Rabi coupling of 2J ∼ 2π × 10 Hz (t Rabi = 0.1 s) we would obtain an adiabatic coherent squeezing of ξ 2 S ∼ −5.1 dB. To produce this squeezing value in half the time used by the authors of Ref. [3] , we need t F = 7.5 ms, which corresponds to t F = 0.075 t Rabi . This is similar to the ultrafast cases considered in Fig. 3 .
V. CONCLUSIONS
We have presented protocols for fast generation of very coherent-spin-squeezed states in bosonic Josephson junctions. The attained squeezing is the one corresponding to the ordinary adiabatic evolution in the case of repulsive atom-atom interactions, but requires much shorter preparation times. Ordinary adiabatic squeezing is known to improve as N is increased as ξ highly squeezed spin states. The present procedures require a good control of the time variation of the atomatom scattering length during the desired period, a possibility now at hand in current experimental setups for BJJ's. The methods have been obtained by extending recently developed protocols for fast-adiabatic evolution originally devised for a single particle in a time dependent harmonic trap, to the Bose-Hubbard Hamiltonian. The experimental implementation of the proposal would represent a useful step towards the fast preparation of many-body entangled quantum resources.
set Λ = Λ B = ω 0 ω F /4 − 1 (where ω 0 = √ 1 + Λ 0 and ω F = √ 1 + Λ F ), b) let the system evolve at fixed Λ B until the time t = t B = t Rabi /(2 √ ω 0 ω F ), and c) change Λ B to Λ F . Note that the final time is not arbitrary, as before, but is fixed by the initial and final values of Λ.
This makes it in practice more unstable with respect to small errors [30] . Under ideal conditions (perfect timing) the method is seen to work well producing fairly low values of ξ 2 S at times of the order of t Rabi /10 for N = 100 atoms with a fidelity of ∼ 1 at the final time, see Fig. 4 .
